In this study, an LMI (Linear Matrix Inequality) based H robust controller design approach is proposed to improve the performance of the designed U-pole placement control systems. Unlike the classical design procedures, the control-oriented U-model based nonlinear control systems cancel the nonlinearity of the nonlinear models. Therefore, the closed loop transfer function of U-pole placement control system can be regarded as a linear block. The solvability and sub-optimality of discrete-time H robust control are converted to find feasible solutions for LMIs. Once the internal parameters changed, the LMI based H controllers have a higher level of robustness compared with U-pole placement controllers. A nonlinear dynamic model is selected to test the performance of the LMI robust controller to demonstrate the proposed approach effective.
Introduction
Control problems arising in a wide variety of engineering fields are characterised by essential nonlinearities. In this case, LMI based H robust controller design approach generally cannot be directly applied because the dynamic behaviour of nonlinear plants cannot be easily determined according to the expressions cannot be written in the form of state space. It is obviously that applying pole placement to nonlinear plants is to synthesise a control system in such a way that the nonlinearities of the nonlinear plant should be removed and the resultant closed loop system behaves linearly.
It must be noted that the main difficulty in the design of nonlinear control systems is the lack of a general modelling framework which allows the synthesis of a simple control law. In some instances linearizing structures have been used but these suffer from 'local applicability' (Isidori, 1995) and therefore, are not very attractive. In order to simplify the control law synthesis part in nonlinear modelling, a new control-oriented model termed as the U-Model has recently been suggested (Zhu and Guo, 2002) . The U-Model has a more general appeal as compared to other nonlinear models (NARMAX model and Hammerstein model). Additionally, this model is control-oriented in nature which makes the control synthesis part easier. Specifically, the control law based on the U-model exhibits a polynomial structure in the current input term.
Based on the U-Model, pole placement controllers (Zhu and Guo, 2002) for nonlinear plants with known parameters have been proposed. Some previous works methods of control system design enhanced by U-Model. The parameters of nonlinear plants in these studies are all regarded as given without considering the uncertainties. Therefore, the initial robustness analysis (Peng et al., 2013) of U-Model based controllers has been proposed to provide a basis procedure. Motivated by some previous theoretical results, in this study the LMI based robust controller is designed to improve the system performance of U-pole placement control system against the uncertainties. The uncertainty of the nonlinear plant is taken into consideration and the internal parameter changes of nonlinear plant are selected to test the robust performance of U-model robust control system.
The main contents of this paper are divided into five sections. In section 2 the proposed approach of a U-model based pole placement controller is introduced to represent the fundamental methodologies. In section 3 the basic idea on LMI based robust controller design approach is introduced for enlarging the control system robustness against uncertainties. In section 4 a step by step procedure of proposed LMI robust control system design is listing. In section 5 a Hammerstein model is selected to demonstrate the robust controller design and analysis. The corresponding simulation results are presented with graphical illustrations. In section 6 a summary of the paper is presented.
U-pole placement controller design
The U-pole placement controller design proposed (Zhu and Guo, 2002) 
, and errors (e(t), …, e(t-n)). By this arrangement, the control oriented model can be treated as a pure power series of input u(t-1) with associated time-varying parameters ( ) j t . Fig. 1 shows the block diagram of the U-model based pole placement control system. In the U-pole placement design, the U-model is firstly transferred from the nonlinear model. With the polynomial equation of U-model as a root solver, the Newton-Raphson algorithm can be used to find the controller output. A standard reference (Astrom and Wittenmark, 1995 ) is used to develop following formulations for designing pole placement controller. Consider the U-model of (2.2), a general controller can be described by
where w(t) is the reference for output target and R, S, and T are the polynomials of the forward shift operator. The control law of (2.3) represents a negative feedback with transfer function -S/R and a feedforward with transfer function T/R. It thus has two degree of freedom. A block diagram of the closed loop control system is shown in Fig. 1 (Yan, 1999) , can be used to find the controller output u(t-1).
The identification error and stability of the controller of the U-pole placement control system have been discussed in (Zhu and Guo, 2002 ). An enhanced Newton-Raphson algorithm is proposed to guarantee the stability of the controller in a minimum phase system (Zhu et al, 1999) .
Due to the U-model framework, the nonlinearity of the nonlinear model is cancelled. The closed loop of U-pole placement control system behaves similarly to that of a linear system. The equivalent block diagram of U-model based pole placement closed loop system is shown in Fig. 2 . The LMI based robust controller is designed to enhance the performance of the closed loop system as shown in Fig. 3 . When internal parameters are changed, the robustness of the closed loop system will be guaranteed in order to meet the specified requirements. 
Basic ideas on robust controller design
In the robustness analysis of control systems, the definition of uncertainty is very significant (Calafiore and Dabbene, 2002) . To design an effective control system, a complex dynamic plant should be described as a relative simple model. The model uncertainty always exists in the control systems. Besides the uncertain of the simplified model expression, the uncertainties are caused by the environmental change, components aging, parameters drift and unknown errors. This uncertainty is quite different from the external factors such as external disturbance and measurement noise. In this section, the disturbance of internal parameter variation is picked up as the first
[U(t)]
Nonlinear plant concerned uncertain factor. The robustness analysis includes two aspects, one is the robust stability, and the other one is robust performance which means make control system not only has stability robustness, but also satisfy some performance constrains.
The H state space model adopted for U-pole placement control system is shown in Fig. 3 and can be expressed as (Yu, 2002 
where k x is the state variable and 
The H output feedback controller should be designed to take H performance ( Such output feedback controller ought to be designed to make the system to have an acceptable H norm form w to ct z inf to keep the system robustness.
In order to enhance the performance of the U-pole placement control system, LMIs is applied to discuss the solvability of discrete-time H robust control system design problems. With the theorem of -suboptimal controller for discrete-time plants (Gahinet and Apkarian, 1994) , consider a proper discrete-time plant realization (3.1), and assume that 
The proposed robust control system design procedure
A step-by-step procedure for the H robust controller design of U-model pole placement control system can be specified as following:
Step 1. Design the pole placement controller for the selected nonlinear model converted into U-model framework (2.2) to reach the requirement of desired closed loop system characteristic equation (Zhu and Guo, 2002 ).
Step 2. Design a LMI based H robust controller to achieve a higher performance for the desired closed loop system with U-model framework in step 1. Step 3. Determine the variation of the internal parameter for the selected nonlinear model and test the system response of the U-pole placement control system with these uncertainties.
Step 4. Apply the designed robust controller in step 2 to the U-pole placement control system with the same uncertainties and simulate the performance of the U robust control system. 
Case studies
Therefore the controller output u(t) can be determined.
Consider the following Hammerstein model
The corresponding control oriented model is obtained from formulation (2.2) 
The system response under the proposed pole placement control has been discussed in (Zhu and Guo, 2002) . It can be seen from simulation result that the resultant closed loop system behaves similar to that of a linear system, which is due to cancellation of the nonlinearity by the proposed control-oriented model and controller design approach.
However, if the internal parameter of the nonlinear model is changed, the controller performance will not be same standard and that is the purpose of using a robust controller which is going to be studied in the simulations.
In the simulation of this paper, the LMI based H-infinity output feedback controller is tested to improve the system performance of the designed U-pole placement control system. To the selected Hammerstein model, the variation of the internal parameter is the change of ( ) j t . The characteristic equation of the LMI based H robust controller (step 2) can be expressed as: The controller is going to be applied for all cases in the U-model system simulations. Case I: For the selected model with uncertainty, that is the internal parameter ( ) j t is changed to
The plant output of the U-model pole placement control system before and after robust controller applied are shown in Fig. 4 . The output of the U-model pole placement control system without plant uncertainty is also shown in Fig. 4 . Deriving from the simulation result, the system performance after internal parameter variations have been improved by the designed robust controller. The amplitude of the output decreased from 8.8 to 7.6 compared with the case without robust controller.
Case II: In the other different case, that is the internal parameter ( ) j t is changed to
The U-pole placement closed loop system becomes unstable and the output of the system without robust control is shown in Fig. 5 . While the LMI based robust controller is applied to the closed loop system, acceptable simulation results can be achieved. Fig. 6 shows the system output response. It can be inspected from the figure that the system can be stabilised with the help of the robust controller. In another aspect, the variation of the internal parameter exceeds the stability margin (Peng et al, 2013) of the U-model pole placement control system itself. However, with the help of the LMI based robust controller, the stability margin of the system is enlarged and such internal parameter variation can be guaranteed with a stable performance.
The simulation results for both cases show that the robustness of the robust controller design for U-model based pole placement control system is effective. The U-model controller can keep the system to be stable within a certain range of the parameter uncertainty. However, if the parameter of the nonlinear model is changed far away from the original one, the performance of the controller cannot be guaranteed. At this time, the LMI based robust controller can help to main its stability in a relatively large range of uncertainty.
Conclusions
A general control oriented U-model and the corresponding pole placement controller design for the dynamic nonlinear plants have been introduced to be the fundamental methodologies. With the modularisation the procedure of nonlinear control system design can be conducted as linear control system design. The LMI based output feedback H-infinity robust controller design can be implemented for nonlinear models within U-model framework. The simulation results show that robust control system design is effective and efficient against nonlinear system uncertainties.
Further studies on the developed methodology, such as different robust controller design approaches for general nonlinear systems within U-model framework, expansion to other types of controllers, and so on, will be conducted to provide a comprehensive prospectus in designing nonlinear control systems by using linear control system design techniques.
